Benha University Engineering Mathematics (1) A
Faculty of Engineering — Shoubra ' Final Exam 31/12/2017
Electrical engineering Department Time allowed 3 hour

First year Power Branch
Answer the following questions:

Question (1)

(Total Mark (100) 20 for each question)

(a) Test the series Z 2—1 for convergence and find the interval of
n=1

convergence for the power series Z( +2::’])
n=l N

(b) Given w = tan‘l(x 3, y 3) Show that x ;ﬂ +y . = 3sIinW cosw
X

(c)  Find the local extrema of the functionf (x,y) = —x? — 4x — y? + 2y — 1.
Answer (a)

© 3n+1 H _3n+1 _3n+4
n2:1 o we have a, = on ..an+1—W
a, 3n+4 3n+1 (3n+4) 2"
lim —==lim[— 7 +——1= r
n—o0 an n—swo 2 2 n—>002 Jr1(3n +1)
= lim Gn+d) _ l <1 Then the series is convergent series.
noo?2 (3n+1) 2
. . 2 (x +3)" .
To determine the interval of convergence for > — we apply the ratio
n:l n.2
n+1
test where ‘un‘—u Una1|= ()(L)l
n.2" (n+1).2"*
n+1 n
: . : X +3
lim [Yn+L| = Jim (x+3) T n.2 im ———|(x +3)|= x +3)
n—o| Uy, n—oo|(n +1).2n+ (x +3) n—o (N +1) 2 2

For convergence put <1 Then the interval of convergence —5<x <-1

(x +3)|
2

Answer (b)

w :tan_l(x3+y3) Then tanw :(x3+y3)

Differentiate w.r.to x



seczw %=3X2 %%:w 2C082W — X %:3X30082W
OX OX OX
sec’w %:Syz aﬂ:Byzcoszw -y %:Syg’coszw
oy oy oy
X %+ y %:3X3C032W +3y30032W =3(x3+ y3)0032W
OX oy
— 3tanw cos?w = 3sinw cosw
Answer (c)

f (x,y)=—x2—4x —y2+2y -1
OX oy
Since f,and f, exist for every (X, y)the only critical points are the solution of

the following system of two equation in two variables

6f_:_2X_4:0 and i:—2y+2:0
OX oy

which is the point (-2,1)

2 2 2
o, o, o
ox 2 oy 2 0y OX

%t % | o%f
D(X,y): 2 2_
OX < oy 0y OX

=0

2
} =(-2)(-2)-(0)*=4>0

2
Since %:—2< 0 then f(-2,1) is a local maximum for the function f(x,y)
OX

Question (2)

(a) For any scalar function ¢ (x,y, z) show that curl grade =0
(b) Find the area enclosed by the following curve  x2/3 + y?/3 = q?/3,

(c) Find the are bounded by the curves xy = 4,xy = 8,xy> = 5,xy> = 15

Answer (a)



i J k

o¢ o~ 8¢ 0 o0 O

| grad g =V x (V@) =V x| =i +—— j +—= — = —

curl grad ¢ =V x (Vg) = X[alerayJJr@z ] X oy o
o9 09 09

ox oy oz

|0 (20)_a(op)|;,| 2 (28) 2 (as)|5,[ 2 (28 229
___ay 0z 0z \ oy oz\ox ) ox\ oz : ox \oy ) oy ox

| D% O |r | % |5 | % % |,
o0yoz 0zoy 0z0X OX0z OXoy  0yox
Answer (b)
The parametric equation is x =acos’t, y =asin’t

X =acos’t = dx =-3acos’t sintdt

y =asin’t = dy =3asin®t costdt

[[dxdy = %cj')xdy — ydx
R

[(cos3t)(sin2t cost)}dt +[(sin3t)(coszt sint)}dt

227
3% j sint cos?tdt
0

O'-—-a ot_,a

[sinzt costt +c032tsin4t}dt

3a2
2
3’°
2

221 221

[ sin 2tdt_31ij (1—cos4t)dt =
0

Answer (c)

3a2ﬁ

8

3a 3a

— 2=
16

ou
OX
ov
OX

Put u=xy=4, v=xy> thendxdy = J(
X,y

jdudv =

2
% j [(acos3t)(3asin2t cost)}dt — [(asin?’t)(—Sacoszt sint)}dt
0

2|2 o

dudv



y
y?

|dudv = (3xy 3_xy 3)dudv = 2vdudv

3xy

The area bounded by the curves given by
15 8

[ axdy = [ [ 2vdudv :vz‘fu = (157 - 5%)(8-4) =[400 areaunit

Question (3)
Solve the following differential equations:

(a) (xy —x*)dy — y*dx =0

(b) (xy3 — 1)dx — x?y?dy = 0
(c) y" — 6y’ + 13y = 8e3* sin 2x
Answer (a)

M (X,y),N(X,y)are homogeneous of the same degree(second degree)

let y=ux ..dy=udx+ xdu

Substitute in the differential equation we have

(x u—X )(udx +xdu) —x 2u%dx =0

X (u —1)(udx +xdu) —x 2u%dx =0

Divided by x? we have (u-=2)(udx + xdu)—uzdx =0
(u —Dudx + (U —2)xdu —u?dx =0

[(u -1u —uszx + (U —-1xdu =0

—udx + (U —1)xdu =0 separate the variables ——+(u 1)d =0
X u
S (1——)du =0 by integration we have—Inx +u —Inu +InC =0
X
N _y = |y =Ce¥/*
C

Another solution

(xy —x2)dy —y2dx =0
xydy —x2dy —y2dx =0
(xydy —y2dx)—x2dy =0



y ( xdy —ydx)—xzdy =0

yx2d (%)—xzdy =0 divide by yx2
d (L)—d—y=0 integrate l—lny =1InC l=|nCy =y = AeY /X
X y X X
Answer (b)

M=(xy3-1), N=x??

oM 2 oN 2

T _axy?, =2

a = o =2

now M, #N, Then equation is nonexact. we find the integrating factor

Now a—M—%—I)\(I = 3xy2 - 2xy2 = xy2

oy

Ni(l\/ly —NX)=§ as a function of x

| Ni(My —Nx)dx=j %dx:lnx

[ 1 (oM aNjX
since u(x)=e Ny ax ) e u(y)=e"*=x

Multiply the equation by X we have

X(Xy3 —1)dx + X3y2dy =0 which is exact equation and solve it as an exact
equation

X

[ x(xy3-1)dx =c

0
%x3y3—%x2=c 2x3y3—3x2=C

Another solution

(xy 3 —1)dx +x%y Wy =0

(xy 3dx +x2y 2dy )—dx =0

xy %(ydx +xdy )—dx =0 multiply by x
x 2y % (xy )—xdx =0




By integration [ (xy )2d (xy)-] xdx =0

3
%(xy) —%x2=c = 2x3y3—3x2=C

Answer (c)

Characteristic equation in the form m? —6m +13=0 which has a roots

o 6+/36—(4)(13) _6++-16 _6+4-1 _
2 2

2

3+ 2i

then the general solution in the form y= e3X(AC032x + Bsin2x)

1

Yp=—3 8e>X sin2x =8 5 ! sin 2x
D“-6D +13 (D +3)“-6(D +3)+13
=8 %sian =8 (sz—ﬂe?’x C0OS 2X
(D +4) 4

The general solution is |y g =X (Acos2x + B sin2x)—2xe 3X cos 2%

Where Aand B are arbitrary constants

Question (4)

(a) Find the general solution for Euler equation  x2y"" —xy’ + 2y = xInx

(b) Use variation of parameter to solve y" + nzy = secnx.

(c) Solve xy" — (2x + 1)y' + (x + 1)y = 0 given that y =e*isaone
solution

Answer (a)

(@) Put x= el in the given equation then t=InXx and use the fact that

, _dy

xy' = Frie Dy and x%y"=D(D—-1)y then equation (4) transform to
(D2 -2D +2)y=te! (5)

which is linear differential equation with constant coefficient



with characteristic equation (M2 —2m + 2) =0 with roots my,m, =1+

S Yo = et(Acost + Bsint) where A, B are arbitrary constants

Yp=—3 1 te! =¢t 5 1 t
D°-2D+2 (D+1)"-2(D+1)+2
=¢! %t =e' (1+D?)™%t =e! (1-D?+0 (D*) t =te
(D°+1)
- yg =e'(Acost + Bsint) + te' (6)

which is the general solution of equation (5) put t=1In X in (6) then the

general solution of equation (4) is

“|Yg =X(Acosinx + B sinInx)+ x Inx

Answer (b)

The characteristic equation for the homogeneous equation in the form

m2 + n2 = 0which has a roots are m==ni then the solution

ye = Acosnx + Bsinnx (2)

where A, B are arbitrary constant

let the general solution

Yo = A(X)cosnx + B(x)sinnx (©))

Subjectto  A’cosnx+ B'sinnx=0 (4)
Then y' =-—nAsinnx +nB cosnx ®)

y " =—nA’sinnx —n2Acosnx +nB'cosnx —n2B sinnx

Substitute in (1)

—nA’sinnx + nB'cosnx =secnx (6)

Solve (4) and (6)



B'=1/n — B(X)=x/2+Cy

A = —ltan nx - A= izlncosnx+C2
n n

Substitute in (3)

1 X :
yg =| —Incosnx +C, [cosnx + E+C1 sinnx
n

CosSNX X . :
=( >—Incosnx +C2cosnx)+(gsmnx +C ;sinnx )
n

sSnXx

, co
yg =Cysinnx +C,cosnx + —

n

X .
Incosnx + Esmnx

Answer (c)

Let the general solution y =v e*
y'=veX +ve”
y"=veX + X fve*
Substitute in the homogeneous equation
xy"—(2x+1y'+(x+1y =0

vxe® + 2 xe* +vxe* —(2x + D)V e* +ve )+ (x +1ve* =0

v -v'=0
V” 1 2 2

— r_ _1 _1 X X
V—'_; =V —C]_X =V —ECIX +C2 then yC _EC]-X e +Cze

Question (5)

(a) For the vector field  F = (4xy — 3x222)7+ 2x2] — 2x3z k  Prove that

¢ F.dr independent to any path through two any point and Find ¢ such that
C

—

(b) Evaluate ﬁ F.nds where F = Zyx;—l—yzz}'—l-le? in the surface of
S
parallelogram bounded by x =0, y=0,z=0 x=2, y =1, z=3



(c) Apply Stock and Green theorem to evaluate [[(VxF).ndS where
5

F=(x2+y -4)i+Gxy)j+(2xz +z2)k and S is the surface bounded by the
paraboloid z :4—(x2+y2), X >0.

Answer (a)

The line integral [ F.d r independent to any path through two any point in
C

domainF If VxF =0

—

i j K
_ 0 0 0 |-
VxF = A By 52 =0

4yx — 3x%z% 2x% -2x3z

Then the field F is conservative and jE.dF independent to any path through
C

two pointin domain F Moreover there exist scalar function ¢ such that

F= §(p thus:

Fdr =Vodr =2ax+%%ay + %4z —dyp
OX oy 0z

o.dg = F dr = (4px —3x°z *)x + 2x°dy —2x%2 dz
= (—3x22 Zdx — 2x 32dz )+ (4yxdx + 2x 2dy)
—d (=x322)+d (2x2y ) =d (=x32 2+ 2x %))

e = —x37°%+2x 2y +c ¢ is a constsnt

Answer (b)

~JpFnds=[[[VF dV =
S \Y



F=2yxi+yz2j+xzk
VE=2y +7%+x
[[Fnds=[[[VFdv =([f [Zy +7 2+x]dxdydz
\4 \%
2

3 1 1
[ [2yx+22x +—x2} dydz
0 0 2 o

Il
O ey () O Gy () O ey O

[Zy +z°%+ x}dxdydz

Oty | O ey |2
O ey N

[4y +22%+ Zdedz =f [Zy 2427% +2y ];dz
0

3
= [4+ 27 2]dz =[4z +§z 3} =12+18=130|
0
Answer (c)
First Applying Stock Theorem H (6 X E).ﬁdS = 4) F.dr
S C

where C is the boundary of the surface ( circumference of the circle
x>+ y?=4)in xy— plane
2w
Fdr =[ (x*+y —4)dx +(3xy ) dy +(2xz +2°)dz
c 0
use the parametric equation z =0

X =2C0sf =>dx =-2sin@dH and y =2sind =dy =2coséd o

2z

$F dr = [ (x?+y —4)dx +(3xy ) dy
C 0

Second apply Green theorem and Use polar coordinates
X =r cosé@, y =rsiné

N

T

$Fdr = [ (x*+y —4)dx +(3xy)dy = [ (3y —1)dxdy
c 0

2 27 2 27 2

2
[ (3rsing-1)rdrd@= [ [ 3rsinedrd@- [ [rdrd 6 =|-4x]
00 00 00
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