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Benha University 

Faculty of Engineering – Shoubra 

Electrical engineering Department 

 Engineering Mathematics (1) A 

Final Exam               31/12/2017 

Time allowed 3 hour 

First year Power Branch  (Total Mark (100) 20 for each question) 

Answer the following questions: 

Question (1)  

(a) Test the series 
1

3 1

2n
n

n




  for convergence  and find the interval of 

convergence for the power series  
1

( 3)

.2

n

n
n

x

n






                    

(b) Given
1 3 3tan ( )w x y   Show that 3sin cos

w w
x y w w

x y

 
 

 
 

(c) Find the local extrema of the function𝑓(𝑥, 𝑦) = −𝑥2 − 4𝑥 − 𝑦2 + 2𝑦 − 1. 

Answer (a) 
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
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To determine the interval of convergence for 
1

( 3)

.2

n

n
n

x

n






  we apply the ratio 

test where 
1
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

  


   
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For convergence put 
( 3)

1
2

x 
  Then the interval of convergence 5 1x     

Answer (b) 

1 3 3tan ( )w x y    Then 
3 3tan ( )w x y   

Differentiate w.r.to x 
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 

2 2 2 2 3 2

2 2 2 2 3 2

3 2 3 2 3 3 2

2

sec 3 3 cos 3 cos

sec 3 3 cos 3 cos

3 cos 3 cos 3 cos

3tan cos 3sin cos

w w w
w x x w x x w

x x x

w w w
w y y w y y w

y y y

w w
x y x w y w x y w

x y

w w w w

  
    

  

  
    

  

 
    

 

 

 

Answer (c) 

2 2( , ) 4 2 1

2 4, and 2 2,

f x y x x y y

f f
x y

x y

     

 
     

 

 

Since xf and yf exist for every ( , )x y the only critical points are the solution of 

the following system of two equation in two variables 

2 4 0 and 2 2 0
f f

x y
x y

 
       

 
  

which is the point ( 2,1)  

2 2 2

2 2

2
2 2 2

2
2 2

2, 2, 0

( , ) ( 2)( 2) (0) 4 0

f f f

y xx y

f f f
D x y

y xx y

  
    

  

   
        

     

 

Since 
2

2
2 0

f

x


  


 then ( 2,1)f   is a local maximum for the function ( , )f x y  

------------------------------------------------------------------------------------------------------- 

Question (2)  

(a) For any scalar function 𝜑(𝑥, 𝑦, 𝑧) show that    𝑐𝑢𝑟𝑙 𝑔𝑟𝑎𝑑𝜑 = 0 

(b) Find the area enclosed by the following curve     𝑥2/3 + 𝑦2/3 = 𝑎2/3. 

(c) Find the are bounded by the curves 𝑥𝑦 = 4, 𝑥𝑦 = 8, 𝑥𝑦3 = 5, 𝑥𝑦3 = 15 

 

Answer (a) 
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curl grad ( )

i j k

i j k
x y z x y z

x y z

  
 

  

      
      

      

  

  

 

2 2 2 2 2 2

0

i j k
y z z y z x x z x y y x

i j k
y z z y z x x z x y y x

     

     

                           
                     

                           

          
           

                     

 

Answer (b) 

The parametric equation is  3 3
cos , sinx a t y a t   

3 2

3 2

cos 3 cos sin

sin 3 sin cos

x a t dx a t tdt

y a t dy a t tdt

   

  
 

2
3 2 3 2

0

22
3 2 3 2

0

2 22 2
2 4 2 4 2 2

0 0

1

2

1
( cos )(3 sin cos ) ( sin )( 3 cos sin )

2

3
(cos )(sin cos ) (sin )(cos sin )

2

3 3
sin cos cos sin sin cos

2 2

3

R C

dxdy xdy ydx

a t a t t dt a t a t t dt

a
t t t dt t t t dt

a a
t t t t dt t tdt





 

 

     
   

    
   

   
 



 





 

2 22 2 2 2
2

0 0

3 3 3
sin 2 (1 cos4 ) 2

8 16 16 8

a a a a
tdt t dt

 


    

 

Answer (c) 

Put       34,u xy v xy       then 
,

,

u u

x yu v
dxdy J dudv dudv

v vx y

x y

 

  
  

  

 
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 3 3

3 2
3 2

3

y x
dudv xy xy dudv vdudv

y xy
     

The area bounded by the curves given by 

  
15 8 15 82 2 2

45
5 4

2 . 15 5 8 4 400 area unit

A

dxdy vdudv v u              

------------------------------------------------------------------------------------------------------- 

Question (3)  

Solve the following differential equations: 

(a)  (𝑥𝑦 − 𝑥2)𝑑𝑦 − 𝑦2𝑑𝑥 = 0 

(b)  (𝑥𝑦3 − 1)𝑑𝑥 − 𝑥2𝑦2𝑑𝑦 = 0 

(c)  𝑦′′ − 6𝑦′ + 13𝑦 = 8𝑒3𝑥 sin 2𝑥 

Answer (a)  

( , ), ( , )M x y N x y are homogeneous of the same degree(second degree) 

let  y ux    dy udx xdu    

Substitute in the differential equation we have 

2 2 2 2

2 2 2

( )( ) 0

( 1)( ) 0

x u x udx xdu x u dx

x u udx xdu x u dx

   

   
 

Divided by  2
x  we have 2

( 1)( ) 0u udx xdu u dx     

2

2

( 1) ( 1) 0

( 1) ( 1) 0

u udx u xdu u dx

u u u dx u xdu

    

     
 

 

( 1)
( 1) 0 separate the variables 0

1
(1 ) 0 by integration we have ln ln ln 0

dx u
udx u xdu du

x u

dx
du x u u C

x u


      

        

 

/ln y xxu
u y Ce

C
    

Another solution 

 

2 2

2 2

2 2

( ) 0

0

0

xy x dy y dx

xydy x dy y dx

xydy y dx x dy

  

  

  
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  2
0y xdy ydx x dy    

2 2
0

y
yx d x dy

x

 
  

 
   divide by 2

yx  

0
y dy

d
x y

 
  

 
 integrate ln ln

y
y C

x
       /

ln
y xy

Cy y Ae
x
    

Answer (b)  

3 2 2
( 1),M xy N x y    

2 2
3 , 2

M N
xy xy

y x

 
 

 
 

now     x xM N  Then equation is nonexact. we find the integrating factor 

Now 2 2 2
3 2

M N
xy xy xy

y x

 
   

 
 

 
1 1

y xM N
N x

    as a function of x 

 
1 1

lny xM N dx dx x
N x

     

since      

1

( , )
( )

M N
dx

N x y y x
x e

  
 

  


   then ln
( )

x
y e x        

Multiply the equation by x   we have   

3 3 2
( 1) 0x xy dx x y dy    which is exact equation and solve it as an exact 

equation 

3

0

3 3 2 3 3 2

( 1)

1 1
2 3

3 2

x

x xy dx c

x y x c x y x C

 

   


 

Another solution 

 
 

 

multiply by

3 2 2

3 2 2

2

2 2

( 1) 0

0

0

0

xy dx x y dy

xy dx x y dy dx

xy ydx xdy dx x

x y d xy xdx

  

  

  

 
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By integration     
2

0xy d xy xdx    

 
3 2 3 3 21 1

3 2
2 3xy x c x y x C      

Answer (c)  

Characteristic equation in the form 2 6 13 0m m    which has a roots 

 
6 36 (4)(13) 6 16 6 4 1

3 2
2 2 2

m i
     

      

then the  general solution in the form 3
( cos2 sin2 )

x
y e A x B x   

3 3

2 2

3 3 3

2

1 1
8 sin 2 8 sin 2

6 13 ( 3) 6( 3) 13

1 cos2
8 sin 2 8 2 cos2

4( 4)

x x
p

x x x

y e x e x
D D D D

x x
e x e xe x

D

 
     

   
          

 

The general solution is 3 3
( cos2 sin2 ) 2 cos2

x x
Gy e A x B x xe x    

Where andA B   are arbitrary constants 

--------------------------------------------------------------------------------------------------- 

Question (4) 

(a) Find the general solution for Euler equation      𝑥2𝑦′′ − 𝑥𝑦′ + 2𝑦 = 𝑥 ln 𝑥   

(b) Use variation of parameter to solve                   𝑦′′ + 𝑛2𝑦 = sec 𝑛𝑥. 

(c) Solve  𝑥𝑦′′ − (2𝑥 + 1)𝑦′ + (𝑥 + 1)𝑦 = 0 given that 
x

y e is a one 

solution 

Answer (a)  

(a) Put t
x e  in the given equation then  lnt x  and use the fact that 

dy
xy Dy

dt
    and 2

( 1)x y D D y   then  equation (4) transform to  

2
( 2 2) (5)

t
D D y te    

which is linear differential equation with constant coefficient 
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with characteristic equation 2
( 2 2) 0m m    with roots 1 2 1,m m i   

( cos sin )
t

cy e A t B t    where ,A B are arbitrary constants 

2 2

2 1 2 4

2

1 1

2 2 ( 1) 2( 1) 2

1
(1 ) (1 ( ))

( 1)

t t
p

t t t t

y te e t
D D D D

e t e D t e D O D t te
D



 
     

      


 

6( cos sin ) ( )
t t

Gy e A t B t te     

which is the general solution of equation (5) put lnt x  in (6) then the 

general solution of equation (4) is  

( cosln sinln ) lnGy x A x B x x x     

Answer (b)  

The characteristic equation for the homogeneous equation in the form 

2 2 0m n  which has a roots are m ni   then the solution  

2cos sin ( )cy A nx B nx   

where ,A B  are arbitrary constant 

let the general solution  

3( )cos ( )sin ( )Gy A x nx B x nx   

Subject to     0 4cos sin ( )A nx B nx    

Then  5sin cos ( )y nA nx nB nx     

2 2
sin cos cos siny nA nx n A nx nB nx n B nx        

Substitute in (1)  

6sin cos sec ( )nA nx nB nx nx     

Solve (4) and (6) 
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1

22

1/ ( ) / 2

1 1
tan lncos

B n B x x C

A nx A nx C
n n

    

     
 

Substitute in (3) 

2 12

2 12

1 2 2

1
lncos cos sin

2

cos
lncos cos sin sin

2

cos
sin cos lncos sin

2

G

G

x
y nx C nx C nx

n

nx x
nx C nx nx C nx

n

nx x
y C nx C nx nx nx

n

   
     

  

   
     

  

   

 

Answer (c)  

Let the general solution x
y v e  

2

x x

x x x

y v e ve

y v e v e ve

  

    
 

Substitute in the homogeneous equation 

then2 21 1
1 1 2 1 22 2

(2 1) ( 1) 0

2 (2 1)( ) ( 1) 0

0

1

x x x x x x

x x
c

xy x y x y

v xe v xe vxe x v e ve x ve

v x v

v
v c x v c x c y c x e c e

v x

     

         

  


       



 

------------------------------------------------------------------------------------------------------- 

Question (5) 

(a) For the vector field     𝐹⃗ = (4𝑥𝑦 − 3𝑥2𝑧2)𝑖 + 2𝑥2𝑗 − 2𝑥3𝑧 𝑘⃗⃗      Prove that 

.

C

F d r  independent to any path through two any point and Find   such that

F   . 

(b) Evaluate .

S

F nds  where F yx i y z j xz k22  in the surface of 

parallelogram bounded by , , z , ,x y x y z0 0 0 2 1 3  
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(c) Apply Stock and Green theorem to evaluate ( ).
S

F ndS   where  

2 2( 4) (3 ) (2 )F x y i xy j xz z k       and S   is the surface bounded by the 

paraboloid   
2 24 ( ), 0z x y x    .                                   

Answer (a) 

The line integral .
C

F d r  independent to any path through two any point in 

domainF If 0F   

2 2 2 3

0

4 3 2 2

x y z

i j k

F

yx x z x x z

  
  

  

 

 

Then the field F  is conservative and .
C

F dr  independent to any path through 

two  point in domain F   Moreover there exist scalar function  φ  such that 

F    thus: 

. .
φ φ φ

F dr φ dr dx dy dz dφ
x y z

  
     

  
 

is a constsnt

2 2 2 3

2 2 3 2

3 2 2 3 2 2

3 2 2

. (4 3 ) 2 2

( 3 2 ) (4 2 )

( ) (2 ) ( 2 )

2

dφ F dr yx x z dx x dy x z dz

x z dx x zdz yxdx x dy

d x z d x y d x z x y

φ x z x y c c

     

    

     

    

 

 

Answer (b) 

. .    
S V

F nds F dV  
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2

2

2

23 1 2 3 1
2 2 2

00 0 0 0 0

3 1 3 1
2 2 2

0
0 0 0

3
2

0

2

. 2

. . 2

1
2 2

2

4 2 2 2 2 2

4 2

S V V

F yx i y z j xz k

F y z x

F nds F dV y z x dxdydz

y z x dxdydz yx z x x dydz

y z dydz y z y y dz

z dz

  

   

     
 

           

        
   

  
 

  

    

  



3
3

0

2
4 12 18 30

3
z z

 
     
 

 

Answer (c) 

First Applying Stock Theorem              ( ). .
S C

F ndS F dr    

where C  is the boundary of the surface ( circumference of the circle 
2 2

4x y  ) in  xy plane  

use the parametric equation
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Second apply Green theorem and Use polar coordinates
cos , sinx r y r    
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